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Abstract
In this paper it is shown how to obtain a three-dimensional, textured object
model by relying exclusively on image warping 2D-2D transformations. To
achieve this goal, a dual (laser and natural light) illumination of the scene
is exploited. Shape reconstruction is not based on triangulation, but on the
planar rectification and collation of laser profiles. Texture sampling uses laser
profile warping and compositing rather than 3D-2D model shape reprojection, so as to synthesize a virtual view of the object at hand, that is matched
against the natural light sequence to obtain color data. Shape reconstruction
and texture sampling are independent from each other, and can be run in
parallel, thus speeding up the process. Moreover, the approach requires only
a simple manual setup, and is effective with textured or textureless objects
of any shape. Experimental results demonstrate that the approach combines
the high accuracy of state-of-the-art active reconstruction methods with the
flexibility of uncalibrated methods, improving on both. Specifically, avoiding
any intermediate 3D measurement—in particular the external camera calibration parameters—has a dramatic impact on both model shape an texture
accuracy, and also adds robustness w.r.t. any estimation errors of internal
camera parameters.
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1. Introduction
The acquisition of digital models of three-dimensional objects is a key research topic in computer vision, with several fields of application, including—
among others—medicine, industry, architecture, art and entertainment.
1.1. Previous Work: Active vs Passive Methods
Traditional 3D model acquisition systems employ an active framework,
where structured radiation (radio, incoherent or coherent light, ultrasound,
etc.) is emitted, and its interaction with the objects in the scene is observed
so as to obtain object shape. Active systems typically operate in heavily
structured conditions, and achieve very high accuracies (a few tenths of mm)
through sophisticated hardware and relatively simple software control. Active 3D model acquisition technology has evolved considerably in the last
few years (see [2], [7] for an overview). Several commercial 3D scanning devices have also appeared in the market. Among the most popular active 3D
devices, time-of-flight scanners measure the round trip time before the reflected radiation (laser light being the most common one) is received by the
device. These scanners are usually employed for far away and large objects,
such as buildings. Typical laser time-of-flight scanners acquire thousand of
points every second, and use motorized mirrors in order to rapidly change
the direction of radiation. Another common approach to active 3D scanning
suitable for medium/small size objects uses a structured light pattern together
with a standard camera. Several devices can be employed to generate the
light pattern: Laser emitter, custom white light projectors employing pattern filters, slide projectors, and digital video projectors (the latter permit a
virtually infinite number of different patterns) [6]. Typical patterns consist
of several light stripes, arranged in a coded or in a regular way [25]. When
the pattern is projected onto an object, it is modified by the object’s shape.
Inferring shape from pattern deformation then follows from straightforward
triangulation methods, given an accurate knowledge of parameters related to
camera optics and camera-projector relative pose—the so called active triangulation framework [2]. Such parameters have to be obtained through a
careful calibration of both the camera and the projector, typically exploiting
cumbersome photogrammetric procedures and ad hoc calibration artifacts.
A more recent research trend in 3D model acquisition derives from the
visual analysis of natural light video sequences. This passive framework is
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characterized by a shift of emphasis from performance to flexibility, and from
hardware to software. Typical passive approaches work in unstructured or in
loosely structured environments, and achieve accuracies of about 1 mm with
off-the-shelf hardware and sophisticated algorithms. Most passive methods
employ reasonably accurate self-calibration approaches based on prior knowledge about scene structure [23], [20] or camera motion [14], [24] as a valid
alternative to traditional calibration approaches based on photogrammetry.
In multi-view stereo, two or more images taken from different viewpoints are
used to obtain the depth of scene points by triangulation [15]. An original
passive approach based on triangulation and referred to as shape from shadows was proposed in [5]. In this approach, object shape is obtained from the
visual analysis of the shadows cast upon the object using a straight wand
moved by the user in the presence of a fixed light source, such as a desktop
lamp. To work properly, the approach requires both intrinsic and extrinsic
calibration parameters, and the 3D location of two mutually orthogonal reference planes, together with the image of their line of intersection. Another
popular approach to shape reconstruction is photometric stereo, which uses
two or more shaded images obtained by varying the light direction while
keeping fixed both the camera and the scene, so that every pixel always
corresponds to the same point of the surface. The main advantage of photometric stereo over triangulation approaches is that it can also be applied to
textureless objects, and does not require the extraction of point correspondences. However, standard photometric stereo does not allow the recovery
of the full 3D geometry of a complex many-sided object, such as a sculpture. In the shape from silhouettes method, object silhouettes relative to
different viewpoints are back-projected onto the 3D space to obtain object
volume [28], [26]; the initial estimate of the 3D model is the maximal volume
that projects inside the silhouettes, or “visual hull” [18]. Methods based on
silhouettes—see also [22]—are robust and fast, and can deal with textureless
objects. However, they are typically limited to simply shaped objects, e.g.,
surfaces that are smooth everywhere, and are not locally planar. Recent approaches combine photometric stereo and silhouettes so as to overcome the
drawbacks of both methods [17].
From a system design point of view, a cost/performance trade-off exists
for 3D acquisition approaches. On the one hand, structured light scanning
approaches are computationally simple and very accurate, yet they typically
require expensive components and good manufacturing. On the other hand,
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unstructured light approaches are computationally more challenging, but also
more flexible. Another point of difference between active and passive methods is in the role played by object texture. Vision-based shape reconstruction
approaches based on triangulation typically rely on texture information, so
that it is difficult (if not impossible) for them to perform model acquisition of
textureless objects. On the other hand, active light approaches work usually
better in the absence of texture, due to the fact that surface colors can alter
the detectability of the superimposed pattern.
Texture sampling has been typically regarded as a second step after 3D
shape reconstruction. Its ultimate goal is to map a set of color images onto a
3D shape object model in an efficient and accurate way. Recent trends in texture sampling are discussed in [11]. These include: (1) Surface parametrization, i.e., how to parametrize optimally the surface onto the texture space;
(2) Color data integration from multiple views into a coherent texture map;
(3) Extraction of the reflectance properties of the object—i.e., its true color—
from the raw color appearance. A recent alternative to surface parametrization is the so called color-per-vertex approach, where a color value is assigned
to each vertex of the mesh modeling object shape [4].
1.2. Paper Motivation and Main Contributions
In this paper, a hybrid 3D model acquisition approach based on laser
illumination and turntable motion is proposed. A single fixed camera is used
to acquire two complete (360 degrees) image sequences of an object on the
turntable: A laser profile sequence obtained by illuminating the scene with
a laser plane, and a natural light sequence embedding texture information
(see Fig. 1). The laser plane is assumed to be approximately orthogonal to
the turntable. Any turntable rotating at uniform speed, even an LP recordplayer adapted to turn slower, can be used. The approach combines the
high accuracy of active methods with the characteristic flexibility of passive
methods, improving on both. The main features and qualities of the approach
are summarized hereafter.
– Reconstruction of 3D object shape is not based on active triangulation; it is obtained instead by planar rectification and collation of laser
profiles. This novel framework, referred to as active rectification, relies
exclusively on image warping transformations. Since no correspondence
search for triangulation is required, the framework is effective for both
textured and textureless objects.
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– Texture sampling is also based on pure 2D transformations. Individual
laser profiles are warped and superimposed so as to synthesize a virtual
view of the object at hand. Such view is then matched against the
natural light sequence to obtain apparent color texture information
through a color-per-vertex approach. Since texture sampling does not
require the 3D shape model, the operations of shape reconstruction and
texture sampling can in principle run in parallel, with beneficial effects
on model creation speed.
– Being both based on image warping transformations, the shape reconstruction and texture sampling operations do not require any 3D information such as the external camera calibration parameters (i.e., camera
position and orientation). Working solely with internal calibration data
has beneficial effects on both model shape an texture accuracy.

Laser Profile
Sequence

2D Profile Rectification
& 3D Profile Collation

Shape

Image
Data

3D Textured
Model
Natural Light
Sequence

Virtual View Synthesis
& Sequence Alignment

Texture

Figure 1: The main blocks of the 3D model acquisition architecture.

The approach has evolved from an earlier framework devoted to the reconstruction of surfaces of revolution from a single uncalibrated image [10]. The
key idea of avoiding any intermediate 3D measurements was borrowed from
image-based visual servoing [12], a robotic paradigm according to which the
error for camera motion control is defined and measured through a warping
transformation in the image plane, thus significantly improving task performance. The basic theoretical motivation behind 2D warping approaches
(other examples of which are image-based rendering [19] and view synthesis
[1]) is that they reduce both the amount of processing and the effects of error propagation of visual estimates by shortening the computational pipeline
and the overall number of unknown parameters. Experimental results validate the computational strategies behind the approach. On the one hand, the
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approach improves usual passive approaches, in that it can obtain very accurate 3D models of objects with arbitrary shape and texture. On the other
hand, the improvement over state-of-the-art active triangulation approaches
is threefold. First, shape is reconstructed with comparable accuracy. Second,
results are more robust w.r.t. any inaccuracies of internal calibration parameters. Third, the approach is suitable for less structured scenarios, requiring
only a simple manual setup.
The paper is organized as follows. Section 2 describes the theoretical
issues. Experiments are discussed in Section 3. Conclusions and directions
for future work are given in Section 4. Finally, Appendixes A and B provide
proofs and insights into the main geometric tools employed.
2. 3D Model Acquisition
A textured three-dimensional object can be modelled as the set {(Pi , Qi ) ∈
R × N3 }N
i=1 , where Pi and Qi represent respectively shape and texture
through the spatial (XY Z) and chromatic (RGB) coordinates at each object
point Pi .
3
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Figure 2: Laser and turntable apparent fixed entities.
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The 3D model acquisition approach developed in this work exploits—
for both shape reconstruction and texture sampling purposes—the apparent
fixed geometry of the scene, describing the entities of the imaged scene that do
not change with time. Being independent of the objects to be acquired, the
apparent fixed geometry can be obtained once and for all as a pre-processing
step. The most relevant apparent fixed entities are (see Fig. 2): (1) the image
line lλ at which the laser and turntable planes intersect, (2) the imaged axis
of rotation l⊥ , (3) the imaged turntable center xt , (4) the vanishing point
v∞ of the normal direction to the plane through l⊥ and the camera center,
and (5) the imaged circular points i and j of the turntable plane—these two
points lie on the vanishing line of the turntable plane l∞ . Fixed entity (1) is
the only one related to both laser and turntable planes. It is easily extracted
from image data by line fitting. Fixed entities (2) through (5) depend only
on turntable position and motion. They can be estimated thanks to the
well known geometrical analogy between turntable sequences and solids of
revolution [10]. For this purpose, the image of a virtual surface of revolution
is constructed from image data as in [29], and its properties are analyzed
with the automatic segmentation algorithm described in [9].
Turntable fixed entities also provide a way to self-calibrate the internal
camera parameters. This is done by solving a linear system of equations, as
described in [10]. Internal camera calibration is crucial for obtaining a metric
shape model of the object and correctly sample texture data from images.
External camera calibration could also be obtained, if required, from a single
image of a surface of revolution [8]. It is worth noting that, thanks to the
concept of virtual surface of revolution, objects of any shape, and specifically
the same objects being scanned, can serve as patterns for camera calibration.
2.1. 3D Shape Reconstruction
This Section discusses how shape reconstruction is carried out through
metric rectification and collation of laser profiles. These are extracted from
raw image data with an appropriate filter that locates laser peaks with subpixel accuracy [13].
Fig. 3(a) shows that, in general, the laser plane is at distance r from
the turntable axis; therefore, as the turntable rotates, the laser profiles are
all tangent to a straight cylinder of radius r. For the sake of clarity, the
main features of the shape reconstruction algorithm will be described in
Subsection 2.1.1 by referring to the ideal case r = 0, i.e., laser plane passing
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through the turntable axis—see Fig. 3(b). The extension to the case r 6= 0
will then be discussed in Subsection 2.1.2.
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Figure 3: Laser-turntable geometry (top view). Laser lines 0 through 2 are obtained for
three different relative laser-turntable positions. (a): The general case of laser plane not
through the turntable axis. (b): The ideal case of laser plane through the turntable axis.

2.1.1. The Ideal Case
A well known result in uncalibrated vision is that is possible to rectify in
a metric way (thus eliminating all projective distortions up to a similarity 2D
transformation) the image of any plane for which the imaged circular points
are known [15]. A theoretical investigation of this topic with an original formula for deriving the whole family of rectifying transformations compatible
with the circular points is provided in Appendix A. Uncalibrated rectification
is exploited here to obtain the metric shape of each laser profile from the laser
plane’s vanishing line m∞ and the image of the absolute conic ω embedding
internal calibration information. To this aim, the imaged circular points of
the laser plane, namely iλ = [α + iβ γ + iδ 1]> and jλ = conj(iλ ), can be
computed by intersecting m∞ with ω. The planar homography modeling
the rectifying transformation from the image to the laser plane can then be
obtained as (see Appendix A)


δ −β
0
 .
0
HR =  −γ α
(1)
δ −β −(αδ−βγ)
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Fig. 4(a) shows a generic laser profile distorted by perspective projection,
together with the geometric entities used for its rectification. Fig. 4(b) shows
the rectified profile, where all distortions have been removed.
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Figure 4: (a): The geometry for laser profile rectification in the ideal case (image plane).
(b): The rectified profile.

The vanishing line m∞ is estimated as follows. First, the vanishing point of
the rotation axis, v⊥ , is obtained from the pole-polar relationship
l∞ = ωv⊥ ,

(2)

where l∞ = i × j is the turntable vanishing line. The vanishing point of the
laser-turntable line lλ is then computed as v0 = l∞ × lλ . Since v0 and v⊥
are the vanishing points of two distinct directions in the laser plane, m∞ is
simply computed as the line through these points—see again Fig. 4(a).
The homography of eq. 1 is also applied to rectify the imaged axis of
rotation l⊥ and the imaged laser-turntable line lλ . These two lines are transformed respectively into the vertical (L⊥ ) and horizontal (Lλ ) coordinate
axes of the rectified laser plane—see again Fig. 4(b)—and used to collate
properly subsequent rectified profiles around the turntable axis at equally
spaced angles. An estimate of the angle swept between subsequent frames is
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obtained from the number T of frames needed to cover a complete turntable
rotation. This is evaluated by looking for the minimum value of the sum of
square differences between the first frame and each subsequent frame of the
natural light sequence.

(a)

(b)

Figure 5: (a): A papier-mache mask. (b): The reconstructed shape as a 3D point cloud
(subsampled for visualization purposes).

As shown in the example of Fig. 5, the output {Pi }N
i=1 of the profile
collating operation has the form of a point cloud, where points are arranged
in a radial way. Such a radial arrangement gives rise to an uneven spatial
distribution of model points (the further from the center of rotation, the
lower the sampling density of the model).
2.1.2. The Real Case
The extension to the case r 6= 0 can be explained by referring to Fig. 6.
Fig. 6(a) shows the laser line Lλ , the turntable axis L⊥ , and the vertical line
Lσ where the laser plane is tangent to the cylinder of radius r—the latter
two lines are orthogonal to the turntable plane, and are thus represented
in the figure as single points. Generalizing the approach explained in Subsection 2.1.1, the three curves of the laser plane to be rectified for shape
reconstruction are: The laser profile, Lλ and Lσ .
Now, while in the ideal case r = 0 it holds Lσ = L⊥ , in the real case Lσ
has to be computed ad hoc directly from image measurements. To this aim,
the geometrical method expounded in Appendix B is used to compute the
imaged vanishing point vπ/2 of the line Lπ/2 orthogonal to Lλ in the turntable
10
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Figure 6: Shape reconstruction in the real case r 6= 0. (a): 3D geometry (top view). (b):
Image geometry.

plane—see Fig. 6(b). The image of the point at which the vertical line Lσ
pierces the turntable plane is then computed as xσ = (xt × vπ/2 ) × lλ , where
xt is the imaged turntable center introduced in Subsection 2.1. The line Lσ
is finally obtained by rectifying the image line lσ = xσ × v⊥ , where v⊥ is the
vertical vanishing point computed in eq. 2. In the subsequent phase of profile
collation, the correct placement of the rectified profile requires to compute
not only the value of the rotation angle ϑ, but also that of the cylinder’s
radius r—refer again to Fig. 6(a). Before computing r, the scaling factors
of the rectifying homographies of the laser and turntable planes have to be
adjusted, so that any line segment on Lλ —belonging by construction to both
the laser and turntable planes—has the same length after rectification by
either homography. That done, the radius r is obtained by rectifying the line
segment connecting xσ and xt , and measuring its length.
The beneficial effects of compensating for the laser-turntable distance r
are now discussed. Fig. 7(a) shows (with solid and dashed lines, respectively)
the average reconstruction error (mm) obtained with and without compensation for increasing values or r, starting from the ideal value r = 0. The error
increases more than linearly with r in the uncompensated case, while it is basically constant in the compensated case. At a value of r as small as 1.5 mm,
which is very likely to occur in a manual setup, the error in the uncompensated case is already 200% larger than in the compensated case. This clearly
11
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Figure 7: The effect of compensating the distance r of the laser plane w.r.t. turntable axis
for the reconstruction of the lateral surface of a box. (a): Average reconstruction error
(mm) for r ∈ [0, 5] mm. Dashed line: uncompensated case. Solid line: compensated case.
(b) The reconstructed shape. Left: uncompensated case. Right: compensated case.

demonstrates the key importance of taking into account r in the shape reconstruction process. Fig. 7(b) shows the lateral faces of a box-shaped object
reconstructed respectively without (left) and with (right) r-compensation.
While in the compensated case the faces are correctly reconstructed as planar, in the uncompensated case they are quite curved. This deformation
is due to an incorrect collation of laser profiles. Another kind of deformation arises when the laser plane is not perfectly orthogonal to the turntable,
affecting also the compensated model in terms of a residual reconstruction
error. Such an error is of about 0.3 mm—see again Fig. 7(a)—for the laser
slant misalignment of 0.2 deg typically obtained after manual setup—see also
Fig. 15(b). This deformation is mainly a projective one, making the lateral
sides of the box to converge slightly. This is due to the fact that, since
the reconstruction algorithm assumes the laser profile to be orthogonal to
the turntable plane, it incorrectly confuses a straight object illuminated by
a slanted laser plane with a truncated pyramidal object illuminated by a
vertical laser plane.
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2.2. Texture Sampling
Given a natural light image sequence Iτ (p), τ = 0 . . . T − 1, chromatic
coordinates Qi can be expressed as
Qi = Iτ (pi ) ,

(3)

where pi is the image projection of an object point Pi for some frame τ at
which the point is visible (i.e., not occluded). According to the color-pervertex approach [4], texture sampling is equivalent to solving eq. 3 for all
i = 1 . . . N . This is typically carried out by a 3D-2D alignment procedure
that exploits the shape point Pi to obtain the corresponding image point
pi —see, e.g., [16]. This procedure requires not only that the 3D shape model
be available beforehand, but also that both internal and external camera
calibration parameters be known.
In this work, a quite different strategy based on 2D-2D image warping
is followed, that avoids using both 3D shape model and external calibration data. Since it requires less parameters and less intermediate estimates,
the proposed strategy is more robust with respect to any modeling and estimation inaccuracies. A further advantage is that texture sampling can be
run independently from shape reconstruction, thus speeding up the model
creation process. The main idea is to perform a frame by frame temporal
alignment of the natural light sequence Iτ (p) with the laser light sequence
Iτ0 0 (p). In fact, every 3D object point Pi imaged at pi in laser frame τ 0 is
also imaged at the same point in frame τ = τ 0 + ∆ (mod T ) of the natural
sequence, where ∆ is a constant real number representing the temporal offset
(at subframe accuracy) between the sequences. Hence, if ∆ is known, the
natural frame τ corresponding to any given laser frame τ 0 can be computed
and used to solve eq. 3 and sample the texture content for all the laser profile
points in τ 0 . To estimate ∆, a synthetic view of the object is obtained by
laser profile warping and collation (Fig. 8(a)). An active contour model [3],
initialized as the boundary of the synthetic view, is then let to deform and
adapt to the content of each frame of the natural sequence. The required
offset is finally obtained from the index of the natural sequence frame requiring the minimum active contour deformation energy (Fig. 8(b)). A detailed
algorithmic solution for the sequence alignment problem in the ideal case
r = 0 is provided hereafter. The extension to the real case r 6= 0 will then
follow.
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Figure 8: (a): Synthetic view of the object obtained by frame-by-frame warping and its
active contour boundary. The actual position of the laser plane and its intersection with
the object are also shown. (b): The natural light frame with the minimum active contour
deformation, that best fits the synthetic viewpoint. The active contours before and after
deformation are shown. (Best viewed in color.)
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Figure 9: 3D geometry (top view) for texture sampling in the real case r 6= 0.
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Texture Sampling by Virtual View Synthesis (Ideal Case, r = 0)

1. [Synthetic rotation of individual profiles.] Generate a synthetic view of
the laser sequence profile for every frame τ 0 , as if it rotated around the
turntable axis by an angle ϑ = (2π/T ) · τ 0 , where 2π/T (rad/frame) is
the turntable rate. To this aim, apply the planar homology
Gϑ (l⊥ , wϑ , µϑ ) = I3×3 + (µϑ − 1)

wϑ l>
⊥
wϑ> l⊥

(4)

defined and computed as shown in Appendix B.
2. [Synthetic silhouette construction and contour extraction.] Construct
a single silhouette image of the model by superimposing all the transformed profiles. Extract then its boundary as a closed polygonal chain.
Form a continuous silhouette contour by interpolating the polygonal
chain with a spline.
3. [Natural/laser sequence rough registration.] Use an active contour model
to register the continuous silhouette contour against the real object appearance in every frame of the natural light sequence, thus obtaining a
b of the unknown natural/laser frame offset ∆.
rough estimate ∆
4. [Registration refinement.] To achieve subframe accuracy, use an iterative algorithm (e.g., Levenberg-Marquardt [15]) to find the small rotation angle δ ∈ (−2π/T , 2π/T ) for the synthetic silhouette minimizing
b
the active contour deformation energy around the natural frame τ = ∆.
b − (T /2π)δ.
The natural/laser frame offset is then ∆ = ∆
5. [Texture sampling.] Warp the laser profile of each frame τ 0 by an angle
δ using eq. 4 with ϑ = δ. Then, for each point pi of the warped profile,
sample the corresponding chromatic triplet Qi from the natural frame
b (mod T ).
τ = τ0 + ∆
The extension of the previous algorithm to the real case can be explained
by referring to Fig. 9. As shown in the figure, the laser plane and its rotated version by an angle ϑ no longer meet at the fixed line L⊥ , but meet
instead at the line Lh (ϑ), parallel to L⊥ and passing through the turntable
15

point of intersection of the lines Lλ and L(π−ϑ)/2 (the bisectrix of the rotation
angle). The image of Lh (ϑ), lh (ϑ), is the new axis of the planar homology
realizing the laser plane virtual rotation in the image—see also Appendix B.
Such a line passes through the vertical vanishing point v⊥ and the intersection point between lλ and the imaged bisectrix line l(π−ϑ)/2 = xt × v(π−ϑ)/2 ,
where the vanishing point of L(π−ϑ)/2 is computed as in Appendix B. Fig. 9
also shows the laser-turntable line Lλ (ϑ) and the associated profile after the
virtual rotation ϑ. Transforming any point P in the laser profile into its
corresponding point P 00 (ϑ) in the virtually rotated laser plane can be accomplished in two steps. First, P undergoes a specular reflection w.r.t. Lσ . The
point P 0 (ϑ) thus obtained is then rotated by π − ϑ, thus making it reach its
final destination P 00 (ϑ). In the image plane, such a two-step transformation
is accomplished by the composition of the harmonic homology
v0 l >
F(lσ , v0 ) = I3×3 − 2 > σ
v0 l σ

(5)

with the planar homology Gπ−ϑ (lh (ϑ), wπ−ϑ , µπ−ϑ ) (see eq. 4), where the parameters v0 , wπ−ϑ and µπ−ϑ are computed as expounded in Appendix B.
Thus, the imaged profile point p is transformed into its corresponding point
p00 (ϑ) = H(ϑ)p through the overall homography
H(ϑ) = Gπ−ϑ (lh (ϑ), wπ−ϑ , µπ−ϑ )F(lσ , v0 ) .

(6)

Fig. 10 shows an example of shape reconstruction and texture sampling
in the case r = 0.5 mm. The acquired 3D model has a (invisible) “hole” of
radius r in the forehead, due to the absence of a laser trace inside the cylinder
of radius r surrounding the turntable axis.
3. Experimental Results
Experiments were carried out using a Sony EVI-D31 camera with 768 ×
576 pixels (corresponding to a camera resolution of about 0.4 Mpixels), an offthe-shelf (≈$100) laser illuminator, and a Kaidan Pixi-M motorized turntable
with a diameter of 10” (25.4 cm) and a nominal speed of 4 rpm (24 degrees/s).
For the purpose of performance evaluation and comparison, a traditional
active triangulation approach, referred to in the following as standard, was
developed. standard employs the methods for camera calibration, shape
reconstruction, and texture sampling most commonly used in commercial
16

Figure 10: The complete (shape+texture) 3D model obtained for the object of Fig. 5(a).
The point cloud was subsampled for visualization purposes. (Best viewed in color.)

desktop scanners. standard was compared with two different implementations of the proposed approach, referred to in the following as arvs (acronym
for “Active Rectification and virtual View Synthesis”). The two implementations use the same reconstruction and sampling algorithms, but different
calibration methods. In particular, arvsT uses turntable fixed entities for
self-calibration, while arvsC uses the same method of standard, based on
a checkerboard pattern. As shown in Tab. 1, only standard requires the
six external camera calibration parameters encoded in the rotation matrix R
and translation vector t (these are computed with a modified version of the
classic Tsai’s algorithm [27]). On the other hand, all approaches require the
three natural camera internal parameters, encoded in the calibration matrix
K such that ω −1 = KK> .
Table 1: Approaches tested in the experiments.
approach
standard
arvsC
arvsT

camera calibration
device
parameters
checkerboard K, R, t [27]
checkerboard K only
fixed entities
K only [10]

shape reconstruction

texture sampling

active triangulation [2]
profile rectification (§2.1)
profile rectification

3D model reprojection [16]
profile synthetic rotation (§2.2)
profile synthetic rotation
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Unless otherwise stated, the following layout was used throughout the experiments:
– relative position of camera and turntable centers: ≈50 cm horizontal,
≈40 cm vertical;
– camera orientation: ≈10 degrees pan left w.r.t. the vertical plane including the turntable axis and the camera center, ≈30 degrees downward tilt;
– laser manual placement: ≈90 degrees w.r.t. the turntable, ≈35 degrees
w.r.t. the camera-turntable plane, and passing close to the center of
turntable rotation.
The layout chosen allows a cylindrical acquisition volume of about 8200 cm3 .
Concerning the task of manual laser-turntable orthogonal alignment, any
ordinary object with a flat base and a vertical edge, such as a shoe box or
a hardcover book, can serve well. The required alignment is obtained by
placing the object with its base on the turntable, and slanting the laser so
that the resulting laser stripe on the object be parallel to its vertical edge.
3.1. Tests with a Reference Object
As a reference object for quantitative evaluations, a wooden block of nominal dimensions (in mm) 160 × 120 × 80 (with proportions 2 : 1.5 : 1) was
used. Having sides of different length along three orthogonal directions, the
reference object allowed investigating the shape reconstruction performance
of the various approaches in general conditions. The actual block dimensions, measured with a digital caliber with a precision of ±0.02 mm, were
159.78 × 119.87 × 79.91.
Fig. 11 provides a qualitative insight into shape reconstruction performance. It shows a top view of the block reconstructed with arvsC —similar
results are obtained with the other two methods. The encircled areas at the
bottom left and top right of the figure indicate the absence, in the reconstructed point cloud, of some model points. Although illuminated by the
laser, such points of occlusion were not visible from the camera viewpoint,
due to the relative position of camera, object, and laser plane. Assuming
standard’s calibration method as the ground truth, arvsT ’s calibration
was reasonably accurate—in terms of percentage error—for the focal (≈1%)
and the x coordinate of the principal point (≈3%), while the y coordinate of
the principal point was not as satisfactory (≈11%).
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Figure 11: The 3D point cloud obtained for the block object with arvsC (top view). The
least squares box model is shown with solid lines.

3.1.1. Shape reconstruction
Euclidean and metric—i.e., up to an overall scaling factor—shape reconstruction performance with the three approaches of Table 1 were checked
respectively in terms of absolute dimensions and relative proportions of the
reference object. The side lengths of the reconstructed block were measured
by fitting a stretchable box-like model to the obtained 3D point cloud. Tab. 2
shows the shape reconstruction error computed by averaging the results obtained, in three different sessions, by placing the block on the turntable
respectively along its longest, medium and smallest sides. Average absolute errors on block dimensions and proportions are given. Notwithstanding
the worse calibration accuracy, arvsT ’s performance is as good as standard’s, both absolute dimensions and relative proportions being measured
with comparable accuracy. This suggests that arvsT would largely outperform standard, if calibration data were equal.
Indeed, as shown in the third row of Tab. 2, the best performance is obtained
by arvsC , that uses standard’s calibration method and arvsT ’s shape reconstruction method. Reconstruction results also show that the performance
gap between arvsC and arvsT (which differ only in the calibration method)
is not as large as the one between arvsC and standard (which differ only
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in the algorithms for shape reconstruction and texture sampling). This can
be explained by the fact that, to carry out shape reconstruction, both arvsT
and arvsC work solely with 2D information, while standard also requires
3D information—namely, the external camera parameters and the laser plane
position in space—, thus being much more sensitive to any estimation inaccuracies.
3.1.2. Texture sampling
A similar sensitivity to 3D inaccuracies is exhibited by standard in
the texture sampling task. Here, the main difference with the other two approaches consists in the way the synthetic view of the 3D model is generated.
As before, standard exploits 3D information, while arvsT and arvsC use
only the more reliable 2D data. Fig. 12 shows the synthetic views generated with the three approaches. As in the case of shape reconstruction, the
best results are obtained with arvsC , while the performance of the other two
approaches is similar. In particular, while arvsC ’s virtual view is almost
perfectly aligned to image data, standard’s is larger than the original, and
arvsT ’s is smaller. This behavior perfectly reflects the shape reconstruction
inaccuracies of Tab. 2. Any alignment error gives rise to slightly incorrect
textures, with background colors associated to some of the foreground pixels.
The complete textured model obtained with arvsC is shown in Fig. 13.
Notice that the slight shape depression corresponding to the node of the
wooden object (a) was correctly located (b) and textured (c) in the model.
Moreover, the figure shows the real extent of the occluded portion (see also
Fig. 11).
To summarize the results obtained with the three approaches, arvsC is
the best in all cases, while arvsT has comparable results with respect to
Table 2: Shape reconstruction results for the reference block object. The ground truth for
the object is 159.78 × 119.87 × 79.91 (average dimensions, mm) and 1.000000 : 1.332944 :
1.999499 (average proportions, —).
approach
standard
arvsT
arvsC

H
160.45
159.26
160.24

shape reconstruction
Euclidean (dimensions)
metric (proportions)
avg error (mm)
avg error (—)
W
D
H/W
H/D
120.32 80.20
0.47
1.333527 2.000623
8.54 × 10−4
119.45 79.62
0.41
1.333278 2.000251
5.43 × 10−4
120.21 80.14
0.34
1.333001 1.999501
2.90 × 10−5
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(a)

(b)

(c)

Figure 12: Accuracy of virtual view generation for texture sampling with the three approaches. The top part of the wooden block is shown with the virtual view superimposed.
(a): standard. (b): arvsT . (c): arvsC .

(a)

(b)

(c)

Figure 13: The complete model obtained with arvsC . (a): A close view of the reference object. (b): The model, with evidence of shape details. (c): The final model with
superimposed texture.
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standard. The fact that the standard approach—representing a large
class of commercial systems—and arvsT —i.e., the most “experimental” of
the three approaches, relying on a non standard and less accurate calibration
method—have a similar performance, witnesses the robustness of the proposed
acquisition algorithms with respect to calibration data.
3.2. Reconstruction Error Analysis
The shape reconstruction error, defined at each 3D model point as the
Euclidean distance between the reconstructed point and its ground truth,
can be regarded as the combination of two errors:
– A setup error, due to inaccuracies both in the estimation of internal
calibration data and in the layout of system elements (e.g., laser plane
not orthogonal w.r.t. the turntable—see Subsection 2.1.2);
– A resolution error, due to the fact that any inaccuracy in the estimation
of laser profiles gives rise to a reconstruction error that is inversely
proportional to the spatial resolution in the acquisition volume.
In particular, the resolution error is the reciprocal of the average spatial
resolution (in pixels/mm), and depends on both the camera-turntable-laser
relative placement, and camera resolution (in Mpixels) employed. The effects
of the resolution error on the overall reconstruction error can be controlled
by a proper choice of the camera resolution and the angle between the laser
plane and the plane through the camera center and the turntable axis. The
larger this “camera-laser angle,” the smaller the resolution error. Fig. 14(a)
shows the expected reconstruction error at each pixel of the imaged laser
plane for a camera-laser angle of about 35 degrees and a nonzero laser slant
angle. In the figure, lighter pixels correspond to higher error values. The
error increases with point distance from both the camera and the turntable
planes.
Fig. 14(b) shows the expected average reconstruction error for resolutions
ranging from 512×384 (0.2 Mpixels) to 2048×1536 (3.0 Mpixels), and angles
between 10 and 70 degrees. In the simulation, the uncertainty in the (subpixel) estimation of the laser profile was modeled as a zero mean Gaussian
pdf with a standard deviation of 0.33 pixels. Similarly, the uncertainty on
the actual laser slant angle due to inaccurate manual setup was modeled as
a zero mean Gaussian with a standard deviation of 0.25 degrees. Both these
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Laser slant std = 0.25 deg
Laser detection uncertainty std = 0.33 pxl
Camera resolution =

1.1

2048 × 1536 (3.0 Mpxl)
1024 × 768 (0.8 Mpxl)
768 × 576 (0.4 Mpxl)
512 × 384 (0.2 Mpxl)

Average reconstruction error (mm)
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Figure 14: (a): Qualitative behavior of the reconstruction error. The lighter the pixel, the
larger the error. (b): Simulated reconstruction error for varying camera-laser angles and
camera resolutions.

parameters were experimentally evaluated. In particular, the laser slant angle statistics was evaluated in a set of fifteen experimental sessions, in which
the laser was manually repositioned (as described earlier) each time so as to
be orthogonal to the turntable. The laser slant angle can be easily computed,
after full (internal and external) camera calibration, from the imaged intersection of the laser plane with the calibration grid. The figure also shows
that, for small—say, less than 20 degrees—camera-laser angles, the reconstruction error is quite large, whatever the camera resolution. On the other
hand, the closer to 90 degrees is the camera-laser angle, the smaller is the
reconstruction error. However, as the camera-laser angle increases, the risk
of occlusions also increases, being it more probable that the laser profile be
hidden from the camera by parts of the object. Therefore, in our experimental setup, an intermediate value of 35 degrees for the camera-laser angle
was chosen as a good compromise between accuracy and occlusions. At this
angle, the expected reconstruction error at the resolution of 0.4 Mpixels provided by our camera is 0.31 mm. A slightly larger reconstruction error is
expected for the results of real experiments, due to any inaccuracies in the
camera internal parameters. For example, Tab. 2 provides a real reconstruction error of 0.34 mm for arvsC (more accurate calibration), and of 0.41 mm
for arvsT (less accurate calibration).
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Fig. 15 shows the results of real experiments aimed at further investigating the actual influence of the reconstruction error on the camera-laser
and laser slant angles. For these experiments, the arvsC approach was used
to reconstruct the wooden reference object. Fig. 15(a) shows the average
reconstruction error for manually set camera-laser angles between 15 and 45
degrees. The error has an hyperbolic behavior similar to that of Fig. 14(b),
with a slight upward offset of the curve of about 0.02 mm, due to calibration inaccuracies. Fig. 15(b) reports on the average reconstruction error as
a function of manually set laser slant angles ranging between 0 (ideal case)
and 0.75 degrees (three times the experimental standard deviation). In each
experimental session, the actual value of the laser slant angle was estimated
using the calibration grid method described above. The curve has an approximately linear behavior. At a laser slant angle of about 0.25 degrees, the
average reconstruction error is about 0.33 mm, a value which is similar to
the 0.34 mm of Tab. 2 and the 0.31 mm of Fig. 14(b).
The close accordance of the results of real experiments with the simulated
ones allows us to use Fig. 14(b) to extrapolate the expected reconstruction
performance of our approach for values of camera resolution and cameralaser angle different from those used in our implementation. For example,
the expected reconstruction error at 0.8 Mpixels and 25 degrees is about
0.35(simulation data) + 0.02(calibration upward offset) = 0.37 mm, which is
competitive with the accuracy of 0.38 mm (0.015”) reported for the NextEngine 3D scanner, one of the most popular commercial devices, working—
in “wide mode”—at similar operating conditions (see technical specifications
at https://www.nextengine.com).
3.3. Tests with Complex Objects
The arvsC approach was further tested at the production of 3D textured
models of three complex-shaped objects: A papier-mache mask, a monk ceramic statuette, and a lacquered wooden horse—see Fig. 16. Depending
on its peculiar shape and/or superficial properties, every object provided
diverse acquisition conditions, thus encompassing three broad classes of object typologies. In particular, the papier-mache mask is a basically flat and
wide object, while the monk has a vertically elongated shape, with a few
self-occluded parts that hamper a complete object acquisition in a single
scanning session. The horse has even more concavities, that give rise to several occlusions regardless of the way the object is placed upon the turntable
for scanning. Another difficulty with the horse arises from object texture.
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Figure 15: Experimental reconstruction error (mm) as a function of the camera-laser angle
(a) and of laser slant angle (b) for a camera resolution of 0.4 Mpixels.

Indeed, the painted decoration has several dark spots, where the laser stripe
fails to be detected: This prevents these spots from being reconstructed at all,
regardless of object pose. However, the presence of occlusion-induced holes
in the reconstructed model is common to all scanning approaches, and, similarly, texture-induced holes are unavoidable with any laser-based approach.

(a)

(b)

(c)

Figure 16: The three different object typologies using for the tests. (a): Papier-mache
mask (size: 104×175×270 mm). (b): Ceramic statuette (size: 165×72×93 mm). (c):
Lacquered wooden horse (size: 168×150×45 mm).

The acquired models were compared with ground truth models created
with the NextEngine 3D scanner operating in “macro mode” (camera resolution: 3Mpixels, accuracy ±0.005”= ±0.13mm). The shape reconstruction
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error is obtained as |E|, where E is the signed distance between each reconstructed 3D point and the ground truth surface after registration of the
acquired model against the ground truth.
Fig. 17 shows the results of a single 3D acquisition session for the mask.
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Reconstruction error, mm

(a)

(b)

Figure 17: (a): Textured model for the mask. (b): Distribution of reconstruction error |E|
(mm).

During acquisition, the mask was placed horizontally on the turntable. Beside the unavoidable occlusions (occurring around the nose and along the top
forehead for the chosen relative camera-laser-object layout), the obtained 3D
textured model faithfully reproduces both the shape and the texture of the
original—see Fig. 17(a). Error statistics are shown in Fig. 17(b): The maximum error is 1.85 mm in the far tail of the distribution, while the average
error is 0.37 mm.
The acquisition results (single session) for the monk statuette are reported in Fig. 18. The figure shows two different views of the reconstructed
textured model. As in the previous case, some occlusions occur. Notice, in
particular, that the open book prevented the laser light to reach a part of the
monk’s habit, giving rise to a “hole” in the reconstructed object. The shape
reconstruction has a maximum value of 2.68 mm (far distribution tail), and
an average value of 0.42 mm. Fig. 18(c) uses a color code to display the
sign and quantized magnitude of the signed error E: Dark gray corresponds
to a large negative error, light gray to a small negative error, white to a
positive error. Notice that the positive errors are concentrated in the bottom part of the object, while the negative errors are in the top part. This
pattern is explained by considering that, due to calibration inaccuracies and
to a slight departure from the vertical of the laser plane’s orientation, the
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(a)

(b)

(c)

Figure 18: (a) and (b): Textured model for the monk statuette using two different viewpoints. (c): Signed reconstruction error E (mm). Color codes: white for E > 0, light gray
for −1 ≤ E ≤ 0, dark gray for E < −1.

reconstructed model is affected by a residual 3D projective distortion (see
also Subsection 2.1.2). The effects of this distortion are to dilate the object
at the bottom—i.e., near the turntable—and to shrink it progressively going
towards the top. Since the extent of the distortion is very small, its effects
are visible only if the object scanned has a vertically elongated shape, while
they are negligible for basically flat objects, like the mask.

(a)

(b)

(c)

Figure 19: Horse models acquired with the object in different positions on the turntable.
(a): Prone position. (b): Laid out on the left side. (c): Laid out on the right side.

The acquisition results for three different scanning session for the horse
are reported in Fig. 19. In particular, Fig. 19(a) shows the partial model
obtained with the object standing on the front hooves and the muzzle, while
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Figs. 19(b) and (c) show the texture-induced holes in the partial models
obtained by laying out the object on its left and rights sides. In Fig. 20, the
shape reconstruction error is shown. The maximum error has a magnitude
of 1.99 mm, while the average error is 0.44 mm.
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Figure 20: (a): Signed reconstruction error E for the horse model. Color codes: Gray for
E > 0, white for E ≤ 0. (b): Distribution of |E| (mm).

The partial models of Fig. 19 were merged together with a commercial
3D graphics software so as to obtain the complete model of Fig. 21. While
arvsC , that exploits a 360 degrees object rotation, required only three object
poses to obtain a complete model, six different scanning sessions (front, back,
left, right, top and bottom side) were required with NextEngine to obtain
the complete ground truth model.
4. Conclusions and Future Work
In this paper, a hybrid approach for shape reconstruction and texture
sampling suited to desktop applications was presented, combining the high
accuracy of structured light methods with the flexibility of passive uncalibrated vision methods. The approach is based on active rectification and
collation of laser profiles for shape reconstruction, and the synthesis of a
virtual view of the object for texture sampling. Complex and robust computer vision algorithms were designed so as to make the approach effective
also with a simple manual setup, and off-the-shelf hardware. All the phases
of 3D model acquisition are carried out by estimating and applying 2D-2D
image warping transformations—namely, harmonic homologies, planar homologies, and planar homographies. This avoids estimating and using any
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Figure 21: Merged model for the horse observed from several viewpoints. First column:
Shape with holes, due to both occlusions and dark texture spots. Second column: Textured
shape with holes. Third column: Shape with manually filled holes. Fourth column:
Textured shape with filled holes.

29

intermediate 3D data, with beneficial effects on both model accuracy and
speed of operation. Two versions of the approach have been presented and
tested, that differ in the way calibration is performed. Experiments with
a reference object have proved that both the approaches have comparable
results w.r.t. standard acquisition techniques. Experiments with different typologies of real life objects and error analysis have shown that the proposed
algorithms are competitive with state-of-the-art 3D acquisition solutions.
Future work will address adding further operational flexibility to the approach. A richer camera model incorporating non linear lens distortions will
be introduced so as to deal even with extremely low quality cameras such as
webcams. The laser-turntable orthogonality constraint will be removed, by
exploiting auxiliary laser traces. This will further simplify the manual setup,
and reduce the influence of setup on model accuracy. Finally, the actual
turntable rotation between subsequent frames will be explicitly estimated,
so as to deal with not constant turntable speeds and/or video acquisition
frame rates.
A. The Family of Rectifying Homographies Generated by the Circular Points
Given a plane π, a planar homography Hπ maps any point Xπ ∈ π onto
the image plane as xπ ∼ Hπ Xπ , where points are expressed in homogeneous
coordinates, and the symbol “∼” denotes equality up to a (complex) scale
factor. In particular, the homography maps the canonical circular points on
.
π, Iπ = [1 i 0]> and Jπ = conj(Iπ ), respectively as
iπ ∼ Hπ Iπ

(7)

and jπ = conj(iπ ). A homography HR is said to rectify the image of π in
a metric sense if and only if H−1
π = HR HM for some 4-dof metric (similarity)
transformation of the plane HM [15]. Hence, to rectify a plane in a metric
sense, only four out of the eight dofs of Hπ are required, so that there exist
∞4 possible rectifying homographies compatible with Hπ . The fundamental
property any rectifying homography must meet is to act as the inverse of Hπ
at circular points:
HR iπ ∼ Iπ ;
(8)
this is because the circular points pair is invariant to metric transformations.
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A general expression for the 4-parameter family of rectifying homographies is now derived, where HR will be expressed in terms of the four free
parameters and the four fixed values encoding circular point information.
Let us start by recalling that the original planar homography can be decomposed as the product of a projective transformation (2 dofs), HP , and an affine
one (6 dofs), HA :
Hπ ∼ HP HA .
(9)
The latter transformation can be written as
·
¸
A t
HA =
,
(10)
0> 1
i
h
where the invertible matrix A = ac b controls scale, rotation, and skew
d
£ ¤
along two orthogonal directions, and t = rs controls rigid translations.
Affine transformations can move circular points, but they cannot make them
leave the line at infinity:


a + ib
HA Iπ =  c + id  .
(11)
0
eq. 11 also shows that Iπ is not changed by a translation: This is a consequence of the abovementioned invariance of circular points with respect
to general similarity transformations. The 2-dof projective transformation
.
brings the ideal point HA Iπ to the finite point iπ = [α + iβ γ + iδ 1]> of the
image plane. Its inverse can be written as
·
¸
I2×2 0
−1
HP =
,
(12)
l>
∞π
. 1
where l∞π = (iπ × jπ ) = [δ − β − (αδ − βγ)]> is the vanishing line of
2i
π, passing through both the imaged circular points. (In order for HP to be
is to
invertible, det(Hp )−1 = (αδ −βγ) must be nonzero.) The effect of H−1
P
bring back the imaged circular point onto the line at infinity, by changing to
0 the third component without touching the first two:


α + iβ
 γ + iδ  .
H−1
(13)
P iπ =
0
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Now, combining eqs. 7 and 9 yields H−1
P iπ ∼ HA Iπ , so that for every nonzero
(complex) value λ = p + iq there must exist an affine transformation compatible with the imaged circular points:




a + ib
α + iβ
 c + id  = (p + iq)  γ + iδ  .
(14)
0
0
Therefore, the required ∞4 rectifying homographies are obtained by all possible choices of the parameter 4-tuple (p, q, r, s), by solving eq. 14 for (a, b, c, d),
thus finding the expression of all the affine transformations compatible with
the imaged circular points:


pα − qβ qα + pβ r
HA (p, q, r, s) =  pγ − qδ qγ + pδ s  ,
(15)
0
0
1
where det(HA (p, q, r, s)) = det(A(p, q)) = (p2 + q 2 )(αδ − βγ), and finally
obtaining, from eqs. 7 through 9:
−1
HR (p, q, r, s) ∼ H−1
.
A (p, q, r, s) HP

(16)

A particularly expressive form for the rectifying homography is obtained for
r = s = 0:
· −1
¸
A (p, q) 0
HR (p, q, 0, 0) ∼
.
(17)
l>
∞π
It is worth noting that the entries of the last row of this homography are
nothing but the components of the vanishing line of π. The above expression
generalizes the particular solution reported in [21], which is obtained for
γ
δ
−1
−1
p = γ 2 +δ
, q = γ 2 +δ
, and also allows the derivation
2 (αδ − βγ)
2 (αδ − βγ)
of the all-simple rectifying transformation of eq. 1, which is obtained for
p = (αδ − βγ)−1 , q = 0.
B. The Geometry of Virtually Rotated Views
The mapping between two views of a plane Λ rotating around a fixed
axis L⊥ ∈ Λ in space is a planar homology, i.e., a special 5-dof projective
transformation having a line of fixed points, a vertex not on that line, and
two equal and one distinct real eigenvalues [15]. The planar homology is
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used here to obtain a synthetic view of a 3D planar laser profile rotated by
an angle ϑ around the turntable axis with respect to its original position.
Fig. 22(a) shows a top view of the turntable plane Π, including the original
laser line Lλ = Π ∩ Λ and its rotated version Lϑ = Π ∩ Λϑ . These two
lines are respectively the orthogonal projections onto the turntable plane of
the original Λ and rotated Λϑ laser planes. The lines connecting pairs of
homologous points on these two planes are all parallel among them, and
form a line pencil orthogonal to the plane Λϑ/2 bisecting Λ and Λϑ , with
orthogonal projection Lϑ/2 . Now, planar homologies relate the image of any
two planes whose homologous points are joined by concurrent lines: The
homology vertex is the imaged intersection of these lines, while the axis is
the imaged intersection of the two planes. Since in the case at hand these
lines are parallel and meet at a point at infinity, the mapping must be a
planar homology.
The problem of computing the planar homology
Gϑ (l⊥ , wϑ , µϑ ) = I3×3 + (µϑ − 1)

wϑ l>
⊥
>
wϑ l ⊥

(18)

for a given value of ϑ is discussed in the following. In eq. 18, the imaged
turntable axis l⊥ (2 dof, and actually independent of ϑ) is the line of fixed
points, the vanishing point of the direction orthogonal to the bisectrix of the
rotation angle wϑ (2 dof) is the vertex. The characteristic invariant µϑ (1
dof) is the ratio of the distinct eigenvalue to the repeated one.
Being one of the apparent fixed entities, the homology axis l⊥ is assumed
to be known here. Hence, to obtain Gϑ there remain to be computed the
homology vertex wϑ , and the characteristic invariant µϑ . The latter can be
expressed as
µϑ = {vϑ , v0 ; w⊥ , wϑ } ,
(19)
where {} denotes the usual cross ratio of four points. The four points are
shown in Fig. 22(b). Since they all belong to l∞ , they all are vanishing points
of lines in the turntable plane. In particular, vϑ , v0 , and wϑ are respectively
the images of the directions of the lines Lϑ , Lλ and L ϑ + π of Fig. 22(a), while
2
2
w⊥ is the image of the direction of the line obtained by intersecting the
turntable plane with the plane through the turntable axis and the camera
center. Being independent of ϑ, w⊥ and v0 can be computed once and for
all as
w⊥ = l⊥ × l∞ ,
(20)
v0 = lλ × l∞ ,
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Figure 22: Modeling a synthetic rotation of the laser plane around the turntable axis. (a):
3D geometry (top view). (b): Image geometry (camera view).

where the vanishing line l∞ = i × j is obtained from the (known) imaged
circular points i and j of the turntable. Concerning vϑ and wϑ , these points
can be obtained as follows. First, the direction of the line Lλ is obtained
from the normalized point at infinity V0 = [cos ϑ0 sin ϑ0 0]> computed as
V0 ∼ Ht v0 , where Ht is the rectifying homography backprojecting imaged
turntable points onto the turntable plane computed from the imaged circular
points i and j as in Appendix A. Second, the points at infinity of Lϑ and
L ϑ + π are obtained respectively as Vϑ = [cos(ϑ0 + ϑ) sin(ϑ0 + ϑ) 0]> and
2
2
Wϑ = [− sin(ϑ0 + ϑ2 ) cos(ϑ0 + ϑ2 ) 0]> . Finally, projecting these points onto
the image yields the required vanishing points:
vϑ = H−1
t Vϑ ,
wϑ = H−1
t Wϑ .

(21)

The computational method presented above for obtaining the vanishing point
of a line intersecting, in a world plane, a reference line with a given Euclidean
angle, is alternative to the computation of the inverse of the Laguerre’s formula discussed in [10].
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